We study theoretically the Josephson effect between two time-reversal two-band superconductors, where we assume the equal-time spin-singlet s-wave pair potential in each conduction band. The superconducting phase at the first band ϕ1 and that at the second band ϕ2 characterize a two-band superconducting state. We consider a Josephson junction where an insulating barrier separates two such two-band superconductors. By applying the tunnel Hamiltonian description, the Josephson current is calculated in terms of the anomalous Green's function on either side of the junction. We find that the Josephson current consists of three components which depend on three types of phase differences across the junction: the phase difference at the first band δϕ1, the phase difference at the second band δϕ2, and the difference at the center-of-mass phase δ(ϕ1 + ϕ2)/2. A Cooper pairs generated by the band hybridization carries the last current component. In some cases, the current-phase relationship deviates from the sinusoidal function as a result of time-reversal symmetry breaking down.
I. INTRODUCTION
The Josephson effect is a fundamental property of all superconducting junctions consisting of more than one superconductor 1 . The dissipationless electric current (J) flows through the junction in the presence of difference in superconducting phases across the junction δϕ. The current-phase relationship (CPR) depends sensitively on electric and magnetic properties of a material sandwiched by two superconductors 2, 3 . When the material is an insulator, it is well established that CPR is sinusoidal, (i.e., J = J 0 sin δϕ) 4 . The relationship suggests that the junction energy is its minimum at δϕ = 0.
The expression of CPR is expected to be complicated when the junction energy depends on more than two superconducting phases. For instance, a superconducting state is characterized by two phases in a two-band superconductor such as MgB 2 5,6 and iron pnictides 7, 8 . Namely the phase of the pair potential in the first band ϕ 1 and that of the second band ϕ 2 characterize a two-band superconductivity. Theories [9] [10] [11] have suggested that either an s ++ state of ϕ 1 = ϕ 2 or an s +− state of ϕ 1 = ϕ 2 + π can be realized in pnictides. When such a two-band superconductor couples to a single-band s-wave superconductor through an insulator, the junction energy depends on the phase of the single-band superconductor ϕ s , ϕ 1 and ϕ 2 . Actually, theoretical studies on such Josephson junctions have shown the complicated energy diagrams as a function of these phases [12] [13] [14] [15] . Especially, an s +− state frustrates the junction energy and stabilizes a spontaneously time-reversal symmetry breaking state near the junction interface 12, 13 . More complicated CPR would be expected in a Josephson junction consisting of two pnictide superconductors 16 because four superconducting phases enter the junction energy. At present, this is still an open issue.
In this paper, we discuss the Josephson current between two time-reversal two-band (two-orbital) superconductors. We assume an equal-time spin-singlet s-wave order parameter in each conduction band and consider the band hybridization as well as the band asymmetry. The coupling between the two superconductors is described by the tunneling Hamiltonian which includes the band-diagonal hopping term. The Josephson current is calculated by using the anomalous Green's function on either side of the junction. In the absence of band hybridization, the Josephson current consists of two conventional components: J 1 sin(δϕ 1 ) and J 2 sin(δϕ 2 ), where δϕ λ is the phase difference of the pair potential at the λ-th band for λ = 1 − 2. The band hybridization generates the interband pairing correlations which carry the Josephson current of J 12 sin[(δϕ 1 +δϕ 2 )/2]. We will show that this additional component exhibits unusual property and can be a source of time-reversal symmetry breaking of the junction. We also discuss a role of an oddfrequency Cooper pair 17 in the Josephson effect of twoband superconductors [18] [19] [20] .
This paper is organized as follows. In Sec. II, we describe a time-reversal superconducting state in a twoband superconductor in terms of a microscopic Hamiltonian. The solution of the Gor'kov equation is also presented. In Sec. III, we formulate the Josephson current by using tunnel Hamiltonian between two superconductors. On the basis of the analytical results, we discuss curent-phase relationship of the Josephson current. The dependence of the Josephson current on temperature is shown by solving the gap equation numerically. In Sec. V, we discuss the junction energy phenomenologically. The conclusion is given in Sec. V. Throughout this paper, we use the units of k B = c = = 1, where k B is the Boltzmann constant and c is the speed of light.
II. TWO-BAND SUPERCONDUCTOR

A. Hamiltonian
The BCS Hamiltonian for a two-band superconductor is described by,
where ψ † λ,σ (r) (ψ λ,σ (r)) is the creation (annihilation) operator of an electron with spin σ (=↑ or ↓) at the λ th conduction band, ve iθ denotes the hybridization between the two bands, and T means the transpose of a matrix. The kinetic energy of an electron at the λ th band is represented by ξ λ (r), where γ describes the asymmetry in the two band. We assume a uniform spin-singlet s-wave pair potential for each conduction band which is defined by
where g λ > 0 represents the attractive interaction between two electrons on the fermi surface of the λ th band. In this paper, we do not consider any spin-dependent potentials. Therefore, the Hamiltonian In Eq. (3) is represented in 4 × 4 matrix form by extracting spin ↑ sector from the particle space and spin ↓ sector from the hole space. Time-reversal symmetry of such a Bogoliubov-de Gennes Hamiltonian H A is represented by
where K means the complex conjugation,ρ 0 andτ 0 are the unit matrices in two-band space and particle-hole space, respectively. Generally speaking, the two superconducting phases in the Hamiltonian can be removed by a gauge transformation H A = U H ′ A U * , where U is a unitary matrix satisfying U * = U −1 . When all the elements of H ′ A are real numbers, H A preserves timereversal symmetry because unitary transformation does not change physics. Actually, it is possible to show the relation
where T U is a gauge-dependent time-reversal operator. At the Hamiltonian H in Eq. (3), a unitary operator
removes two superconducting phases. Under such gauge transformation, however, the phase of the hybridization is transformed as
Therefore, we conclude that Eq. (3) preserves timereversal symmetry only when
is satisfied 20 . The phases of the two pair potentials and that of the hybridization are linked to one another when the superconductor preserves time-reversal symmetry. Even in the absence of hybridization, the standard mean-field theory in two-band system contains interaction terms between ∆ 1 and ∆ 2 21 as,
where the phase of the interaction potential g 12 = |g 12 |e 2iθ relates ϕ 1 and ϕ 2 20 . In this paper, we do not consider these interaction terms because they do not affect the main conclusion.
B. Gor'kov equation
The Gor'kov equation in the Matsubara representation reads,
where ω n = (2n + 1)πT is the fermionic Matsubara frequency with T being a temperature. The particle-hole symmetry implies the relations,
where· · · denotes 2 × 2 matrix in two-band space. The anomalous Green function is represented aŝ
where nπ is derived from the right hand side of Eq. (10). The dispersion in the two bands are described by
Here we also supply the expression of the normal Green function
The gap equations are represented as
and result in
Under the condition in Eq. (10), these equations have stable solutions of |∆ 1 | and |∆ 2 |.
III. JOSEPHSON EFFECT
A. Current formula
We discuss the Josephson effect between two superconductors, where the superconducting states of each superconductor is described by Eq. (3). We assume that ξ 1 , ξ 2 , |∆ 1 |, |∆ 2 | and v are common in the two superconductors. The two superconductors are connected by the Hamiltonian
where L (R) indicates the superconductor on the left (right) hand side of an insulating barrier, t 1 and t 2 denote the tunneling elements through the barrier at the first band and that at the second band, respectively. We assume that t 1 and t 2 are real number and are independent of the wave numbers of an electron. The total Hamiltonian reads,
where H L(R) is given by Eq.
where Tr means the trace over two-band degree of freedom. Since time-reversal symmetry is preserved in each superconductor, the phases satisfy
By substituting the anomalous Green's function in Eq. (15) into the formula in Eq. (34), we obtain
where the amplitudes are given by
The normal conductance G N is calculated from the normal Green function in Eq. 19 and gives the second term in Eq. (41). As a result, J 12 can be negative when the amplitude of f o is larger than that of f e . It has been known that an odd-frequency Cooper pair indicates the paramagnetic response to magnetic field 19, 23, 24 and favors the spatial gradient in the phase.
B. Dependence of J on temperature
The amplitudes of the current in Eqs. (39)-(41) are plotted as a function of temperature in Fig. 1 , where we choose g 2 = 0.5g 1 and t 1 = t 2 . The pair potentials ∆ 1 and ∆ 2 are calculated by solving the gap equations in Eqs. (29) and (30). The transition temperature at the first band for v = γ = 0 is indicated by T 0 . In Fig. 1(a) , J 1 and J 2 are shown for v = γ = 0. The two current component are independent of each other and J 12 = 0 in the absence of hybridization. The transition temperature at the first band is indicated by T 0 . The transition temperature at the second band is 0.5T 0 as a result of g 2 = 0.5g 1 . In Fig. 1(b) , we show the results of ! " 
C. Current-phase relationship
Three phases ϕ 1j , ϕ 2j , and θ j characterize a two-band superconducting state for j = L and R. The condition derived from time-reversal symmetry in Eqs. (35) and (36) reduces the degree of freedom in phases to two. The phase difference δθ = θ L − θ R is a parameter characterizing a junction because θ L(R) is an intrinsic gauge parameter unique to a superconductor. Since J 1 > J 2 in Fig. 1 , we define the phase across the junction in terms of ϕ 1L(R) by
The phase difference in the second band is described by
The integer numbers n L and n R in Eqs. (35) and (36) are embedded into θ L and θ R , respectively. The Josephson current becomes
In what follows, we discuss characteristic properties of current-phase relationship (CPR) for several examples of the Josephson junctions.
(i) s ++ /s ++ A two-band superconducting state with ϕ 1 = ϕ 2 is called an s ++ state in recent literature and is described by θ = 0 or π in this paper. We first consider a junction consisting of two s ++ superconductors with δθ = 0. The resulting current given by
is sinusoidal as a function of the phase difference. It is possible to consider another s ++ /s ++ junction by choosing θ L = π and θ R = 0. The current in such case results in
Although the CPR is sinusoidal, the last term changes its sign. In an isolated superconductor, the gauge parameter θ does not affects any observable values because it can be removed by a gauge transformation. In a Josephson junction, however, the relative difference in θ in the two superconductors δθ modifies the Josephson current. In other words, any spatially uniform gauge transformations cannot remove δθ.
(ii) s +− /s +− A two-band superconducting state with ϕ 1 = ϕ 2 + π is called an s +− state and is described by θ = ±π/2. In a junction consisting of two s +− superconductors with θ L = θ R = π/2, the CPR is given by Eq. (47). However, when we choose θ L = π/2 and θ R = −π/2, the CPR becomes Eq. (48). As well as in the case of (i), CPR is sinusoidal in both cases.
(iii) s +− /s ++ Finally, we consider a junction consisting of an s ++ superconductor ond an s +− superconductor. The results are summarized as
for θ L = ±π/2 and θ R = 0. When we choose θ L = ±π/2 and θ R = π, the CPR becomes
The sign change of J 2 means that the π phase difference in the pair potentials in the second band. The most important feature is the appearance of cos δϕ term, which suggests the breakdown of time-reversal symmetry even at δϕ = 0. According to Eq. (46), cos δϕ term always appears when δθ is neither 0 nor π. Namely, the 
IV. JUNCTION ENERGY
The Josephson current is relating to the junction energy E JJ by J(δϕ) = e∂ δϕ E JJ . Namely, the Josephson current vanishes at the ground state. From the relation, the junction energy can be described by
As shown in Eqs. (39)-(41), J 1 and J 2 are always positive but J 12 can change its sign. We first discuss the case of J 12 > 0. As shown in Fig. 1 , the first term proportional to J 1 is the most dominant in our model and takes its minimum at δϕ = 0. The second and the third terms, however, take their minima at δϕ = 2δθ and δϕ = δθ, respectively. In this paper, we fix δθ at a certain value and calculate the Josephson current. As we have discussed in Sec. II, the gauge parameter θ does not affect physics of a single superconductor in the presence of time-reversal symmetry because it is possible to remove it by a unitary transformation. In addition, θ originates from the difference in phases of two atomic orbital functions 20, 21 . Therefore, it is reasonable to consider that two superconductors would adjust their gauge parameters δθ to minimize the junction energy spontaneously. Indeed, E JJ is at its absolute minimum at (δϕ, δθ) = (0, 0) for J 12 > 0. For J 12 < 0, the junction energy E JJ takse its minimum at (δϕ, δθ) = (0, π). Namely, the sign change of J 12 is absorbed as π shift of δθ. The CPR remains sinusoidal even at such a nontrivial solution because π shift in θ does not break time-reversal symmetry as shown in Eq. (10). Thus we conclude that the CPR of a Josephson junction consisting of two time-reversal two-band superconductors is sinusoidal as shown in Eq. (47) when the two superconductors minimumize the junction energy spontaneousely by adjusting thier gauge parameter δθ.
V. CONCLUSION
We studied Josephson effect in a tunnel junction consisting of two time-reversal two-band superconductors theoretically. We introduce the equal-time spin-singlet swave pair potentials in each conduction band, the band hybridization as well as the band asymmetry. On the basis of a standard current formula, the Josephson current is described by the anomalous Green's functions on either side of the junction. The Josephson current depends not only on the phase difference across the junction but also on the difference of the gauge parameter in the two superconductors. The current-phase relationship deviates from the sinusoidal function when the two gauge parameters are not equal to each other. The dependence of the Josephson current on temperature, the behavior of the gauge parameters in real junctions, and effects of odd-frequency Cooper pairs on the Josephson current are also discussed.
